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$k_{1}>1$ , . $k_{1}+k_{2}$
. 18 Euler
$\zeta(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m_{1}>m_{2}>\cdots>m_{n}>0}\frac{1}{m_{1}^{k_{1}}m_{2^{2}}^{k}\cdots m_{n}^{k_{n}}}$
,
.
$\zeta(k_{1}, k_{2})$ $(2\pi - 1)$
$\zeta(k_{1}, k_{2})\sim$ $:=(2\pi\sqrt{-1})^{-(k_{1}+k_{2})}\zeta(k_{1}, k_{2})$
, .
.
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(Zagier). $k\geq 3$ ,
$di\iota\psi \mathcal{D}Z_{k}=$ $[ \frac{k+1}{2}]-1-\dim_{\mathbb{C}}S_{k}(PSL_{2}(\mathbb{Z}))$
$\{\begin{array}{ll}\frac{k}{2}-1-\dim_{\mathbb{C}}S_{k}(PSL_{2}(\mathbb{Z})) . . . . . . k \text{ },\frac{k-1}{2} . . . . . . k \text{ }.\end{array}$
, $S_{k}(PSL_{2}(\mathbb{Z}))$ $PSL_{2}(\mathbb{Z})$ $k$
$\mathbb{C}$ ( $k$ $\{0\}$).
Eisenstein ,
$\dim_{\mathbb{Q}}\mathcal{D}\mathcal{Z}_{k}\leq[\frac{k+1}{2}]-1-\dim_{\mathbb{C}}S_{k}(PSL_{2}(\mathbb{Z}))$









$k$ , dim $S_{k}$ $k/12$ , dim $\mathcal{D}\mathcal{Z}_{k}$
$5k/12$ . $k$ $(k-1)/2$ ,




$\tau$ . $\tau$ 1 $\lambda=m\tau+$
$n\in \mathbb{Z}\tau+\mathbb{Z}$
$m>0$ $m=0,$ $n>0$
, $\lambda>0$ . 2 $\lambda,$ $\mu\in \mathbb{Z}\tau+\mathbb{Z}$
$\lambda-\mu>0$ $\lambda>\mu$
.







$G_{2}( \tau)=(\sum_{m=0,n>0}+\sum_{m>0}\sum_{n\in Z})\frac{1}{(m\tau+n)^{2}}=\zeta(2)+\sum_{m=1}^{\infty}\sum_{n\in Z}\frac{1}{(m\tau+n)^{2}}$
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$k$ 4 $G_{k}(\tau)$ $PSL_{2}(\mathbb{Z})$ $k$ $=$.
, $G_{2}(\tau)$ 2 $=$. $(G_{2}(-1/\tau)=\tau^{2}G_{2}(\tau)-$








. $\tilde{G}_{k}(\tau),\tilde{G}_{k,l}(\tau)$ $\tau$ 1
, $q=e^{2\pi\sqrt{-1}\tau}$ Fourier . $\tilde{G}_{k}(\tau)$
,
$\tilde{G}_{k}(\tau)=\zeta\sim(k)+\frac{(-1)^{k}}{(k-1)!}\sum_{n=1}^{\infty}\sigma_{k-1}(n)q^{n}$
. $\sigma_{k-1}(n)=\sum_{d|n}d^{k-1}$ . $2\pi\sqrt{-1}$
,
. $k$ Euler . $k$
, .







1- $k\geq 5$ $3\leq i\leq k-2$ . $\tilde{G}_{i,k-i}(\tau)$
Fourier
$\tilde{G}_{i,k-i}(\tau)=\zeta\sim(i, k-i)+\frac{(-1)^{k}}{(i-1)!(k-i-1)!}\sum_{n=1}^{\infty}\rho_{i-1,k-i-1}(n)q^{n}$




, $\delta_{i,j}$ Kronecker .
$k\geq 3,2\leq i\leq k-1$





, $j$ $\zeta(j)g_{k-j}\sim$ .
2( ) $k\geq 4$ $2\leq i\leq k/2$
.
(i) $\tilde{G}_{i}(\tau)\tilde{G}_{k-i}(\tau)=\tilde{G}_{i,k-i}(\tau)+\tilde{G}_{k-i,i}(\tau)+\tilde{G}_{k}(\tau)$.











$k\geq 4$ $2\leq i\leq k/2$
$\sum_{j=2}^{k-1}\{(\begin{array}{ll}j -1i- 1\end{array})+ (\begin{array}{lll} j -1k -i-1 \end{array})-\delta_{i,j}-\delta_{k-i,j}\}\tilde{G}_{j,k-j}(\tau)-\tilde{G}_{k}(\tau)=0$
.
Fourier ,







3 ( ) $k\geq 3$
$\sum_{j=2}^{k-1}\tilde{G}_{j,k-j}(\tau)=\tilde{G}_{k}(\tau)-\frac{\tilde{G}_{k-2}’(\tau)}{2(k-2)}$ , $(’= \frac{1}{2\pi\sqrt{-1}}\frac{d}{d\tau}=q\frac{d}{dq})$
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( $\tilde{G}_{i,k-i}(\tau)$ Q ).
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,1 (Zagier) $k\geq 3$ ,
$\dim_{\mathbb{Q}}\mathcal{D}\mathcal{Z}_{k}\leq[\frac{k+1}{2}]-1$ -dim $S_{k}(PSL_{2}(\mathbb{Z}))$ .
. .
4
$S_{k}^{\mathbb{Q}}(PSL_{2}(\mathbb{Z}))\oplus \mathbb{Q}\tilde{G}_{k}(\tau)\oplus \mathbb{Q}\tilde{G}_{k-2}’(\tau)\subseteq \mathcal{D}\mathcal{E}_{k}$
. $S_{k}^{\mathbb{Q}}(PSL_{2}(\mathbb{Z}))$ , $PSL_{2}(\mathbb{Z})$ $k$
Fourier $\mathbb{Q}$
( $k$ $\{0\}$ ) .
$S_{k}^{\mathbb{Q}}(PSL_{2}(\mathbb{Z}))$ $\tilde{G}_{k}(\tau)$
, $k$ $\tilde{G}_{k}(\tau)$ $0$
.
2 3 $\mathcal{D}\mathcal{E}_{k}\ni\tilde{G}_{k},\tilde{G}_{k-2}’,\tilde{G}_{i}\cdot\tilde{G}_{k-i}(4\leq i\leq k/2)$
. $k$ , Rankin , $\tilde{G}_{i}\cdot\tilde{G}_{k-i}$
Petersson , Eichler-Shimura ,
$\tilde{G}_{i}\cdot\tilde{G}_{k-i}$ ( $i$ , $4\leq i\leq k/2$) $0$
, $S_{k}^{\mathbb{Q}}(PSL_{2}(\mathbb{Z}))$ $\tilde{G}_{t}\cdot\tilde{G}_{k-i}$ ($i$ , $4\leq i\leq k/2$)
. $k$ , $\tilde{G}_{k-2}’(\tau)$ $n$




$\mathcal{D}\mathcal{E}_{k}$ $\tilde{G}_{i,k-t}(\tau)([k/2]+2\leq i\leq k-1)$ $\tilde{G}_{k}(\tau)$ ,
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$\tilde{G}_{k-2}’(\tau)$ 1. , 2 $i$ $(2 \leq i\leq[k/2])$
, $2\leq j\leq i$ $j$ $\tilde{G}_{j,k-j}(\tau)$ $0$
, 3 , $2\leq j\leq[k/2]+1$ $j$ $\tilde{G}_{j,k-j}(\tau)$
$\tilde{G}_{i,k-i}(\tau)([k/2]+2\leq i\leq k-1)$ $\tilde{G}_{k}(\tau),\overline{G}_{k-2}’(\tau)$
. $[(k+1)/2]$ ,
.
$\pi_{1}$ : $\mathcal{D}\mathcal{E}_{k}arrow \mathcal{D}\mathcal{Z}_{k}$ ,
, $f\in \mathcal{D}\mathcal{E}_{k}$
$\pi_{1}(f)=f$ Fourier ,
, $\tilde{G}_{i,k-i}(\tau)$ Fourier ( 1) $\pi_{1}$ ,
$0 arrow ker\pi_{1}arrow D\mathcal{E}_{k}\frac{\pi_{1_{L}}}{}\mathcal{D}\mathcal{Z}_{k}arrow 0$
. 4 ker $\pi_{1}$ $S_{k}^{\mathbb{Q}}(PSL_{2}(\mathbb{Z}))$ $\tilde{G}_{k-2}’(\tau)$
dimker $\pi_{1}\geq\dim S_{k}(PSL_{2}(\mathbb{Z}))+1$ , 5 $din\psi \mathcal{D}\mathcal{E}_{k}=$
















$\pi_{2}$ : $\mathcal{D}\mathcal{E}_{k}arrow\Im \mathcal{D}\mathcal{E}_{k}$ ,
$\pi_{2}(f)=f$ Fourier ,
. $\Im \mathcal{D}\mathcal{E}_{k}$ $\mathcal{D}\mathcal{E}_{k}$ , Fourier $\mathbb{C}[[q]]$
( , $\sqrt{-1}$ $\sqrt{-1}$
).
$0 arrow ker\pi_{2}arrow D\mathcal{E}_{k}\frac{\pi_{2_{t}}}{r}\Im \mathcal{D}\mathcal{E}_{k}arrow 0$
.







$=Q_{k}\cdot{}^{t}(\zeta(3)g_{k-3}, \zeta(5)g_{k-5},$$\ldots,\zeta k-3)g_{3})\sim\sim\sim$ ,
$Q_{k}:=$ $(\delta_{k-i,j}+(-1)^{i+j}(\begin{array}{ll}j -1i-1 \end{array})+(-1)^{k+i}(\begin{array}{llll} j -1 k -i- 1\end{array}))_{2\leq j\underline{<}k2,j:odd}2\leq i\underline{\leq}k-2$
$=$ $(\delta_{k-2-i,2j}+(-1)^{i}(\begin{array}{l}2ji\end{array})-(-1)^{i}(\begin{array}{ll} 2jk -2-i\end{array}))_{1\leq j\leq k/2-2}1\leq\cdot\leq k-\theta$





2 $Q_{k}$ $\mathbb{Q}^{k/2-2}$ $\mathbb{Q}^{k-3}$ ,
dim ker $Q_{k}=\dim S_{k}(PSL_{2}(\mathbb{Z}))$ ,
rank $Q_{k}=k/2-2$ –dim $S_{k}(PSL_{2}(\mathbb{Z}))$ .











$f$ . $f(\tau)$ $L$ $0<i<k$
( ) $j$ .
$r_{j}(f)$ $:= \int_{0}^{\infty}f(\tau)\tau^{j}d\tau$




$P(X)$ $PSL_{2}(\mathbb{Z})$ $A=(_{cd}^{ab})\in PSL_{2}(\mathbb{Z})$
$(P|A)(X)=(P|_{2-k}A)(X)$ $:=(cX+d)^{k-2}P( \frac{aX+b}{cX+d})$




. , $V_{k}$ $\mathbb{C}[X]$ $k-2$
$W_{k}$
$W_{k}$ $:=\{P\in V_{k}|P|(1+S)=P|(1+U+U^{2})=0\}$
. , $W_{k}$ ,
$W_{k}$ , $W_{k}^{\pm}$ $W_{k}$ ,
,
$\ovalbox{\tt\small REJECT}=W_{k}^{+}\oplus W_{k}^{-}$
. , Eichler-Shimura ,
$r^{-}:$ $S_{k}(PSL_{2}(\mathbb{Z}))\ni f\mapsto r_{f}(X)$ $\in W_{k}^{-}$
,
$r^{+}:$ $S_{k}(PSL_{2}(\mathbb{Z}))\ni f\daggerarrow r_{f}(X)$ $\in W_{k}^{+}$
1 ,
$W_{k}^{+}=r^{+}(S_{k})\oplus \mathbb{C}(X^{k-2}-1)$ .
$W_{k}^{+,0}$ $:=\{P\in W_{k}^{+}|P(0)=0\}$ , $P|(1+S)=0$
$P(X)$ $X^{k-2}$ $0$ ,
$W_{k}^{+}=W_{k}^{+,0}\oplus \mathbb{C}(X^{k-2}-1)$
. $\dim W_{k}^{+,0}=\dim S_{k}$ . ( $W_{k}^{+,0}=r^{+}(S_{k})$ .)
42
, $P(X)=$ $\sum_{j=2,j:even}^{k-4}a_{j}X^{j}$ $W_{k}^{+,0}$ $P|(1+S)=P|(1+U+$
$U^{2})=0$ , $P|(S-U+SU^{2})=0$
,
$Q_{k}\cdot{}^{t}(a_{2},a_{4}, \cdots a_{k-4})={}^{t}(0,0, \cdots 0)$
. dimker $Q_{k}=\dim W_{k}^{+,0}=\dim S_{k}$ ,
.






, $Q_{k}$ ( )
, Eisenstein






${}^{t}(1, -3,3, -1)$ ,
$X^{8}-3X^{6}+3X^{4}-X^{2}\in W_{12}^{+}$
.
6 $(=k/2-1+\dim S_{k})$ ,
$(1, 0,0,0,0,0,0,0,1)$ , $(0,0,7,28’,0,20,0,0,0)$
$(0,0,1,0,0,0,1,0,0)$ , $(15, 30, 6, 0,0,0,0,16,0)$
$(0,0,0,0,1,0,0,0,0)$ , $(5, 10, 12, 8, 0,0,0,0,0)$
. Eisenstein




$7 \tilde{G}_{4,8}(\tau)+28\tilde{G}_{5,7}(\tau)+20\tilde{G}_{7,5}(\tau)=\frac{3\cdot 11\cdot 149}{2^{2}\cdot 691}\tilde{G}_{12}(\tau)-\frac{1}{2^{7}\cdot 3^{2}\cdot 5\cdot 691}\Delta(\tau)$
$( \Delta(\tau)=q\prod_{n=1}^{\infty}(1-q^{n})^{24})$ .
$\Delta(\tau)=2^{5}\cdot 3^{3}\cdot 5\cdot 11$ .149 $\tilde{G}_{12}(\tau)-2^{7}\cdot 3^{2}\cdot 5\cdot 7$ .691 $\tilde{G}_{4,8}(\tau)$
$-2^{9}\cdot 3^{2}\cdot 5\cdot 7$ .691 $\tilde{G}_{5,7}(\tau)-2^{9}\cdot 3^{2}\cdot 5^{2}$ .691 $\tilde{G}_{7,5}(\tau)$




$= \frac{14.9}{2^{3}\cdot 35\cdot 7}\sigma_{11}(n)-\frac{691}{2^{2}\cdot 3^{2}\cdot 5}\sigma_{7}(n)-\frac{17\cdot 691}{2\cdot 3^{2}\cdot 7}\sigma_{5}(n)$
$+ \frac{251\cdot 691}{2^{3}\cdot 3^{2}\cdot 5}\sigma_{3}(n)-\frac{5\cdot 691}{3^{2}}\sigma_{1}(n)-\frac{2^{2}\cdot 691}{3}\rho_{3,7}(n)$







, $(0,0,0,0,1,0,0,0,0)$ ( $\tilde{G}_{6,6}(\tau)=$
$(\tilde{G}_{6}(\tau)^{2}-\tilde{G}_{12}(\tau))/2$ )
$\tilde{G}_{6,6}(\tau)=\frac{2^{2}\cdot 3}{691}\tilde{G}_{12}(\tau)-\frac{1}{2^{7}\cdot 3\cdot 5^{2}\cdot 691}\Delta(\tau)$
,
$\Delta(\tau)=2^{9}\cdot 3^{2}\cdot 5^{2}\tilde{G}_{12}(\tau)-2^{7}$ .3 $\cdot 5^{2}$ . $691\tilde{G}_{6,6}(\tau)$ ,
$\tau(n)=\frac{2}{693}\sigma_{11}(n)+\frac{691}{2^{2}\cdot 3^{2}\cdot 7}\sigma_{5}(n)-\frac{691}{2^{2}\cdot 3^{2}}\sigma_{3}(n)+\frac{5\cdot 691}{2\cdot 3^{2}\cdot 11}\sigma_{1}(n)$
$\frac{2\cdot 691}{3}\rho_{5,5}(n)$
. $693=691+2$ , $\tau(n)$ $\equiv\sigma_{11}(n)(mod 691)$
.
$(5, 10, 12, 8, 0,0,0,0,0)$
$5\tilde{G}_{2,10}(\tau)+10\tilde{G}_{3,9}(\tau)+12\tilde{G}_{4,8}(\tau)+8\tilde{G}_{5,7}(\tau)$
$= \frac{41.\cdot 1.321}{2^{2}3691}\tilde{G}_{12}(\tau)+\frac{1}{2^{4}\cdot 3\cdot 5\cdot 7\cdot 691}\Delta(\tau)-\frac{1}{4}\tilde{G}_{10}’(\tau)$
,
$5 \zeta(2,10)+10\zeta(3,9)+12\zeta(4,8)+8\zeta(5,7)=\frac{41.\cdot 1.321}{2^{2}3691}\zeta(12)$
, $q^{n}$ $\tau(n)$ , .
Eisenstein .
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